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Abstract
In this paper we improve the upper bound of the size of a small minimal blocking set in
PG(2; q) and we show that a small minimal blocking set B in PG(2; p3) is either of Redei type
or every line intersects B in `few points'. Finally, using this result we prove that a complete k-arc
in PG(2; p3) has more than
p
3p3 + 1=2 points for every prime p. c© 1999 Elsevier Science
B.V. All rights reserved.
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1. Introduction
A blocking set in a projective plane is a set B of points which intersects every line.
If B contains a line it is called trivial and if no proper subset of it is a blocking set,
it is called minimal.
Let B be a non-trivial blocking set in a projective plane of order q= pn, and let L
be a line. If P is a point of L not belonging to the blocking set, considering the lines
through P we get jBj>q+ jB \ Lj. If some line contains exactly jBj − q points of B,
then the blocking set is called of Redei type.
The best known result about blocking sets of Redei type in PG(2; q) is the following:
Theorem 1.1 (Ball et al. [2]). Let B be a non-trivial minimal blocking set of Redei
type in PG(2; q); (q= pn): Suppose that e; 06e<n; is the largest integer such that
each line intersects B in 1 modulo pe points. Then jBj  1 (modpe) and we have one
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of the following:
1: e = 0 and 3(q+ 1)=26jBj62q;
2: e = 1; p= 2; and (4q+ 5)=36jBj62q− 1;
3: pe > 2; ejn; and
q+
q
pe
+ 16jBj6q+ q− 1
pe − 1 :
Moreover; if pe > 3 or (pe = 3 and jBj = q + q=3 + 1); L is a line such that jB \
Lj= jBj − q and (0; 0)2U = BnLAG(2; q); then U is GF(pe)-linear.
A subset U of GF(q)2 is GF(pe)-linear if it is mapped by  : (a; b) ! a + b
(; 2GF(q2) with = =2 GF(q)), to a GF(pe)-subspace of GF(q2).
The previous theorem shows that the size of a non-trivial minimal blocking set of
Redei type must lie in certain intervals depending on q and that if the size of B is less
than 3(q+ 1)=2, all lines intersect B in 1 modulo pe points for some e> 0.
Recently a result of this kind was obtained by Sz}onyi in [7] for an arbitrary non-trivial
minimal blocking set of size less than 3(q+ 1)=2.
In this note we will observe that the result of Sz}onyi can be improved and that when
n=3, a non-trivial blocking set of size less than 3(q+1)=2 is either of Redei type or
every line intersects it in `few points'. Using this result we will show that a complete
k-arc in PG(2; p3) has more than
p
3p3 + 1=2 points for every prime p.
In the proofs we will use a result about lacunary polynomials.
2. Lacunary polynomials
A polynomial in GF(q)[x] is called fully reducible if each its irriducible factors over
GF(q) is linear. We denote the degree of f by f.
The following lemma by Blokhuis is a generalization of Lemma 3.1 in [2] in the
case q= p3.
Lemma 2.1 (Ball et al. [2]). Let f2GF(q)[x] be fully reducible with q=p3. Suppose
f0(x) 6= 0; f(x)=xp2g(x)−h(x); f=p2+g; g and h are coprime and have degree at
most p+1. Then; for p>7; we have either (p+2)g>p2+2−2h or g0=0; gpjh0 and
f(x) = (xgp − hp)−h
0
gp
:
Proof. Write f=r s where s is a polynomial with the same zeroes of f, but each with
multiplicity one. Since f is fully reducible, sjxq−x, hence sjfp−gp(xq−x)=xgp−hp;
r divides both f and f0, hence rjf0g− g0f = g0h− h0g. So we may write
f  m= (xgp − hp)(g0h− h0g)
and hence
xp
2 − h
g
=
(xgp − hp)(g0h− h0g)
mg
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for a certain polynomial m of degree at most −p2 +h−1 where  is the maximum
of the degrees of xgp and hp. Taking the derivative and then multiplying everything
by (mg)2 gives
m(m− gp+1)(g0h− h0g) =M (xgp − hp) (*)
for some polynomial M . If M 6= 0 and m> (p+ 1)g we get
6M

+ 62m

+ g

+ h
 − 162− 2p2 + 3h + g − 3
and hence
2p2 + 36+ 3h

+ g

6p2 + p+ 1 + 4(p+ 1);
but this is not possible for p>7. So if M 6= 0 we have m6(p + 1)g and, from
Eq. () we deduce
6M

+ 6(p+ 1)g

+ g

+ h
 − 1 + m
and hence
(p+ 2)g

>p2 + 2− 2h:
Finally, if M = 0 we obtain m= gp+1 and, since g and h have no common factor, we
have g j g0 and hence g0 = 0 and gp j h0 (in particular g<h=p).
3. Small minimal blocking sets
In this section a non-trivial blocking set of size less than 3(q+ 1)=2 will be called
small. Using the result in the previous section and using the following theorem of
Sz}onyi, we may obtain some information about the number of points of a small minimal
blocking set on a line when q= p3.
Theorem 3.1 (Sz}onyi [7]). Let B be a small minimal blocking set in PG(2; q); q=pn.
Then
q+ 1 +
q
peo + 2
6jBj6qp
eo + 1−p
2
;
where  = (qpeo + 1)2 − 4q2peo ; for some eo; 16eo6n=2. This means that
asymptotically
jBj6q+ q
peo
+ 2
q
p2eo
+ 5
q
p3eo
+    :
Moreover each line intersects B in 1 modulo p points; and if peo 6=4; 8; every line in-
tersects B in 1 modulo peo points.
Remark 3.2. If e is the largest integer such that each line intersects B in 1 modulo
pe points, then by the previous theorem we have 16e<n and jBj  1 (modpe).
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We can improve the upper bound of Theorem 3.1 using the equations of a blocking
set. Let i denote the number of lines that intersect the blocking set B in exactly i
points. Remark 3.2 implies that i = 0 for i 6 1 (modpe = E). ThenX
i=0
1+iE = q2 + q+ 1: (1)
Counting incidences of lines rst with points of B and then with ordered pairs of points
of B we getX
i=0
(1 + iE)1+iE = jBj(q+ 1); (2)
X
i=0
iE(1 + iE)1+iE = jBj(jBj − 1): (3)
Theorem 3.3. Let B be a small minimal blocking set and let e be the integer of
Remark 3:2. Then
jBj61 + (E + 1)(q+ 1)−
p
1
2
;
where 1 = [1 + (E + 1)(q+ 1)]2 − 4(E + 1)(q2 + q+ 1); and 16e6n=2. This means
that asymptotically
jBj6q+ q
pe
+
q
p2e
+ 2
q
p3e
+    :
Proof. To obtain the new upper bound we use Eqs. (1){(3). It is clear thatX
i=0
iE2(i − 1)1+iE>0;
that is
X
i=0
iE(1 + iE)1+iE − (E + 1)
"X
i=0
(1 + iE)1+iE −
X
i=0
1+iE
#
>0:
So
jBj2 − jBj[1 + (E + 1)(q+ 1)] + (E + 1)(q2 + q+ 1)>0: (4)
The upper bound is just the smaller root of this equation.
Finally, by Bruen's Theorem jBj>q+pq+ 1, so
q+
p
q+ 16
1 + (E + 1)(q+ 1)−p1
2
;
and this implies e6n=2.
Corollary 3.4 (Sz}onyi [7]). If B is a small minimal blocking set with e = n=2; then
jBj= q+pq+ 1 (Baer subplane):
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Proof. The inequality (4) does not hold for jBj = q + 2pq + 1, then jBj = q +p
q+ 1.
Corollary 3.5. If B is a small minimal blocking set with n= 3; then jBj= q+ p2 + 1
or jBj= q+ p2 + p+ 1.
Proof. The lower bound comes from Blokhuis [4, Theorem 6]. If jBj=q+p2+2p+1,
the inequality (4) does not hold. So jBj= q+ p2 + 1 or jBj= q+ p2 + p+ 1.
Theorem 3.6. Let B be a small minimal blocking set in PG(2; q); with q=p3; p>7.
If L is a line then either jB \ Lj61 + (3 + c)p (where c = 0 if jBj = q + p2 + 1 and
c = 1 if jBj= q+ p2 + p+ 1) or B is of Redei type.
Proof. Suppose that B is not of Redei type and that there exists a line L such that
jB\Lj> 1+(3+c)p (where c=0 if jBj=q+p2+1 and c=1 if jBj=q+p2+p+1).
Let jB\ Lj= 0 and jBj= q+p2 + cp+1= q+ +1: Then we have jBj= q+m+ 0
with 0<m6p2 − 4p.
Assume that the line L has equation z=0, that (1; 0; 0)2B and write BnL=f(ai; bi)ji=
1; : : : ; q+mgAG(2; q) = PG(2; q)nL. Let d1; : : : ; d0−1 be the negative reciprocals of
the slopes of the lines meeting L in a point of Bnf(1; 0; 0)g. The following polynomial
(Redei polynomial [2{4,6]),
F(t; u) =
q+mY
i=1
(t + ai + ubi)
0−1Y
j=1
(u− dj)
vanishes for all t; u2GF(q). This implies that
F(t; u) = (tq − t)G(t; u)− (uq − u)H (t; u);
where the polynomials G and H are of total degree  in t and u. If F0; G0 and H0
are respectively, the parts of F; G and H that are homogeneous of total degree , we
have
F0(t; u) =
q+mY
i=1
(t + ubi)u0−1 = tqG0 − uqH0
and putting u= 1, we obtain
f1(t) =
q+mY
i=1
(t + bi) = tqg1(t)− h1(t);
where g1 = m and h

16. Denote by d1(t) the greatest common divisor of g1 and h1,
and choose e maximal such that f1=d1 2GF(q)[tpe ].
The lines y = bi; i = 1; : : : ; q + m, intersect B in 1 modulo p points and B is not
trivial, hence 16e62 and d1(t)2GF(q)[tp]. Write f1=d1 = (f(t))pe = xq=peg − h,
where g1 = d1gp
e
; h1 = d1hp
e
and f0(t) 6= 0. This implies that m= g1 = d1 +peg and
h1 = d

1 + p
eh.
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If e = 2, we have g = 0 since m6p2 − 4p, and hence h = 1. Since m> 0 and
h16p
2 + p, it follows that m = d1 = p; c = 1 and 0 = 1 + p
2. Moreover f0 is a
non-zero constant, so the secants to B through (1; 0; 0) are all (1+p2)-secants except
for one which is (1 + p)-secant (the line y = b where d1(b) = 0).
If e=1, apply Lemma 2.1 to the polynomial f. We have two possibilities, in the rst
case (p+2)g>q=p+2−2h. This inequality implies (p+2)(0−1)6(p+4)−q−2p,
hence
061 + (3 + c)p
and this is not possible.
In the second case we have g0=0; gpjh0 and f(t)=(tgp−hp)(−h0)=gp. This equality
implies p2 + g>ph>p2g, and hence g=0 and f(t)= tp
2 − h(t)= (t− hp)(−h0).
Comparing the degrees we have h0 = 0 and h = p. Since m> 0, it again follows
that m= d1 = p; c= 1 and 0 = 1 + p
2. Moreover, f0 = h0 = 0, so the secants to B
through the point (1; 0; 0) dierent from L are all (p+ 1)-secants. Then we only have
this possibility: jBj= q+p2 +p+1 and every line intersects B in 1, 1 +p or 1 +p2
points. Now, using equations (1){(3) we obtain
p(p− 1)1+p2 =
(3)− (p+ 1)[(2)− (1)]
p2
= p(p+ 1)
and so
1+p2 = 1 +
2
p− 1 ;
a contradiction.
4. Complete k-arcs in PG(2; p3)
A k-arc K is a set of k points in PG(2; q) with no three collinear. K is complete if
there is no (k+1)-arc containing it. If k <q+2 the secants to K form a dual non-trivial
blocking set B of size k(k − 1)=2. Since a non-trivial blocking set in PG(2; q) has at
least q+
p
q+ 1 points [5], a rst lower bound for k is bp2q+ 2c. When q= p is a
prime a non-trivial blocking set has at least 3(q+1)=2 points [3], hence in PG(2; p) a
complete k-arc has more than
p
3p+1=2 points. The same result was obtained by Ball
[1] for q= p2. Aart Blokhuis has conjectured that k >
p
3q+ 1=2 for every power of
a prime p.
In this section, using Theorem 3.6, we will show that k >
p
3q + 1=2 for q = p3:
Let K be a complete k-arc and B the dual blocking set obtained from K . B contains a
minimal blocking set B0 of size k(k−1)=2−; >0. Let P be the number of bisecants
through P 2K removed to obtain B0. Counting incidence of bisecants removed with
points of K , we haveX
P2K
P = 2: (**)
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Theorem 4.1. A complete k-arc in PG(2; q) has more than
p
3q+1=2 points for q=p3
and p>11.
Proof. If k6
p
3q+ 1=2, then the dual blocking set B (and hence B0) is small. Since
B is formed by the bisecants to K , through each of its points there pass two (k − 1)-
secants and no other secants with more than k=2 points of B. We can suppose that
P0 = minfPjP 2Kg6pq − 3p for p>11. Indeed, P >pq − 3p for all P 2K and
() imply
2=
X
P2K
P >k(
p
q− 3p)>(
p
2q+ 1)(
p
q− 3p)
and hence
jB0j= k(k − 1)
2
− < 3(q+ 1)
2
− (
p
2q+ 1)(
p
q− 3p)
2
;
but, since jB0j>q + pq + 1, this is not possible for p>11. Then, if L is the dual
corresponding line of P0, we have jL \ B0j= k − 1− P0 and hencep
2q−pq+ 3p6k − 1− P06
p
3q− 12 :
By Theorem 3.6 either jL \ B0j61 + 4p or jL \ B0j>1 + p2. In the second
case
p
3q − 1=2>1 + p2 and this is not true for any p. In the rst case we havep
2q−pq61 + p and this is not possible for p>11.
Remark 4.2. Note that if k6
p
3q+1=2, by Remark 3.2 we have jB0j=k(k−1)=2− 
1 (mod E) and k − 1− P  1 (mod E), for all P 2K . So
k(k − 1)− 2=
X
P2K
(k − 1− P)  k (mod E)
and hence k  2 (mod E) and P  0 (mod E) for all P 2K . For q = p3 and p = 2; 3
or 5, since k(k − 1)=2>q + p2 + 1 and k  2 (modp), we have k >p3q + 1=2. For
q = p3 and p = 7, if k6
p
3p3 + 1=2, we have k = 30. Hence every line intersects
B0 in at most 29 points. It follows that B0 is not of Redei type and that every line
intersects B0 in at most 1+ 7c points, where c=3 if jB0j= q+p2 + 1=393 and c=4
if jB0j= q+ p2 + p+ 1 = 400 (Theorem 3.6).
In the rst case we have P>7 for every P 2K , so
84 = 2=
X
P2K
P>30 7 = 210;
a contradiction. In the second case, if  is the number of P 2K such that P 6= 0, we
can write
70 = 2=
X
P2K
P>7) 610
and hence
29 = 30− >20: (***)
476 O. Polverino /Discrete Mathematics 208/209 (1999) 469{476
Using Eqs. (1){(3) in this case we obtain
(3)− 8[(2)− (1)]
98
= 15 + 322 + 629 = 28
and from () it follows
28 = 15 + 322 + 629>6 20 = 120;
again a contradiction. So k >
p
3p3 + 1=2 for all prime p.
References
[1] S. Ball, On small complete arcs in a nite plane, manuscript.
[2] S. Ball, A. Blokhuis, A.E. Brouwer, L. Storme, T. Sz}onyi, On the number of slopes of the graph of a
function dened on a nite eld, J. Combin. Theory A, in press.
[3] A. Blokhuis, On the size of a Blocking set in PG(2; p), Combinatorica 14 (1994) 111{114.
[4] A. Blokhuis, Blocking sets in Desarguesian planes, in: Combinatorics: Paul Erd}os is Eighty, vol. 2,
Bolyai Soc. Math. Studies, 1996, pp. 133{155.
[5] A.A. Bruen, Blocking sets in nite projective planes, SIAM J. Appl. Math. 21 (1971) 380{392.
[6] L. Redei, Lacunary Polynomials over Finite Fields, North-Holland, Amsterdam, 1973.
[7] T. Sz}onyi, Blocking sets in desarguesian ane and projective planes, Finite Fields Appl. 3 (1997)
187{202.
